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A remark on a Nagell-Lutz type statement for the Jacobian
of a curve of genus 2 and a (2, 3, 6) quasi-torus decomposition
of a sextic with 9 cusps
Hiro-o TOKUNAGA and Yukihiro UCHIDA
Abstract. In this note, an analogous statement to the Nagell-Lutz theorem does
not hold for the Jacobian of a certain curve of genus 2 over C(t). As a by-product,
we give a (2, 3, 6) quasi-torus decomposition for the dual curve of a smooth cubic.
Introduction
Let S be a smooth projective surface defined over C, the field of complex num-
bers. Let ϕ : S → C be an elliptic surface, i.e., ϕ is relatively minimal and has a
section O. Under these circumstances, the generic fiber ES of ϕ is an elliptic curve
over C(C), and there exists a bijection between the set of C(C)-rational points
ES(C(C)) and the set of sections MW(S). Note that O is regarded as the zero
element in both group. Suppose that P ∈ ES(C(C)) is a torsion and sP denotes
its corresponding section. An analogous statement to the Nagell-Lutz Theorem for
an elliptic curve over Z can be stated: ‘sP does not meet O.’ It is known that this
analogous statement is false when the characteristic of the base field is p > 0 and
the order of P is p (see [14, Appendix]).
In this article we consider an analogous statement for a fibered surface whose
general fiber is a curve of genus 2. Let ϕ : S → P1 be such a surface. We call ϕ a
genus 2 fibration, for short.
For a genus fibration ϕ : S → P1, we assume that ϕ satisfies the following
conditions throughout this article:
• ϕ is relatively minimal.
• Let CS be the generic fiber of ϕ. CS is a curve of genus 2 over C(t) given
by an equation:
y2 = a0x
6 + a1x
5 + . . .+ a6, a0 ∈ C×, ai (i = 1, . . . , 6) ∈ C[t]
• CS has two rational points ∞±, which give rise to two section O±.
Let Pic0C(t)(CS) denotes the class group of C(t)-divisors of degree 0. It is known
that any element of Pic0C(t)(CS) can be uniquely presented of the form d−(∞++∞−)
such that d is a C(t)-divisor of degree 2 whose affine part is reduced in the sense of
Definition 1.2 (See [6, Proposition 1], for example). We then formulate our problem
as follows:
Problem 1. Let d − (∞+ + ∞−) be a divisor of degree 0 as above. Suppose
that d − (∞+ + ∞−) gives rise to a torsion element in Pic0C(t)(CS) Let D be a
divisor on S such that D|CS gives the affine part of d, i.e., points of d 6=∞±. Put
D = Dhor +Dver, where Dhor is a divisor not containing any fiber component of ϕ
and Dver consists of fiber components. Can we choose D such that Supp(Dhor) ∩
(O+ ∪O−) = ∅?
This question asks if a Nagell-Lutz type statement holds for S or not. In this
article, we first give a negative answer to Problem 1.
Theorem 1. There exists a genus 2 fibration ϕ : S → P1 over P1 such that
(i) there exists a torsion element ξ of order 3 in Pic0C(t)(CS),
(ii) let d be the divisor of degree 2 given in Proposition 1.1 so that d−(∞++∞−)
represents ξ, and
(ii) for any divisor D with D|CS = the affine part of d, Supp(Dhor) ∩ (O+ ∪
O−) 6= ∅.
1
2Remark 1. If CS is given by
y2 = x5 + . . .+ a5, ai ∈ C[t]
and d is represented by a section s, then a Nagell-Lutz type statement holds by [8].
The surface S in Theorem 1 is realized as two point blowing-ups of the minimal
resolution of a double cover of P2 branched along a 9-cuspidal sextic, i.e., a sextic
with 9 cusps. A 9-cuspidal sextic is the dual curve of a smooth cubic and it has many
(2, 3) torus decompositions (see [19], for example). Here a plane curve B given by
a homogeneous equation F (T,X,Z) = 0 is said to be a (p, q) torus curve (or a toric
curve of type (p, q)), if F can be represented as F = Gp +Hq, where G and H are
coprime homogeneous polynomials, respectively. We call the right hand side a (p, q)
torus decomposition of F . Also B is said to be a quasi-torus curve of type (p, q, r) if
F satisfies F r3F = F
p
1 +F
q
2 , where F1, F2 and F3 are pairwise coprime homogeneous
polynomials. Torus curves have been studied by topological and arithmetic points
of view by Cogolludo-Agustin, Kloosterman, Libgober, Oka and the first author ([4],
[9, 10], [15], [16], [19], [20]). Among them, (2, 3) decompositions for a 9-cuspidal
plane sextic B is one of well-studied subjects. We here add one more observation
to it: a (2, 3, 6) quasi-torus decomposition of B in Section 3.
Acknowledgements. The authors thank Professor Noboru Nakayama for his
valuable comments.
1. Preliminaries
1.1. A double cover construction for a genus 2 fiber space over P1. We
fix some notation for later use. Let Σd be the Hirzebruch surface of degree d > 0.
We denote the section with self-intersection −d, the negative section, by ∆0 and a
fiber of the ruling Σd → P1 by f. A section linear equivalent to ∆ is denoted by ∆.
Likewise [1], we take affine open subsets U1 and U2 of Σd so that
(i) Ui ∼= C2 (i = 1, 2) and
(ii) U1 and U2 have coordinates (t, x) and (s, x
′), respectively, with relations
t = 1/s, x = x′/sd.
Under these coordinates, the negative section ∆0 is given by x = x
′ =∞, and a
section ∆ is given by x = x′ = 0.
Let f(t, x) ∈ C[t, x] be a polynomial of the form
f(t, x) := a0x
6 + a1(t)x
5 + . . .+ a6(t), ai(t) ∈ C[t], a0 ∈ C×.
If we choose a minimum positive integer d such that deg ai ≤ id (i = 1, . . . , 6), then
the affine curve Ba given by f(t, x) = 0 in U1 gives a divisor B on Σd such that
B ∼ 6∆, B ∩∆0 = ∅.
Choose d ∈ Z>0 as above. Let f ′B : S′B → Σd be a double cover of Σd with
branch locus B and let
S′B
µ←−−−− SByf ′B yfB
Σd ←−−−−
q
Σ̂d
be the diagram for the canonical resolution. The ruling on Σd induces a fibration
of curves of genus 2, ϕB : SB → P1, with sections O± which are the preimage of
∆0. The generic fiber CB is given by
y2 = f(t, x).
3Hence CB is a curve of genus 2 over C(t). Note that µ : SB → S′B is not the
minimal resolution in general. For simplicity, in the following, we always assume
that
(∗) µ : SB → S′B is the minimal resolution.
By [7, Lemma 5], this condition is satisfied if B has at worst simple singularities
(see [2] for simple singularities).
1.2. A double cover branched along a 9-cuspidal sextic. Let B be a sextic
with 9 cusps. Let f ′B : S
′
B → P2 be a double cover of P2 with branch locus B
and let µ : SB → S′B be the canonical resolution of S′B (see [7] for the canonical
resolution) of S′B with the following commutative diagram:
S′B
µ←−−−− SByf ′B yfB
P
2 ←−−−−
q
P̂2,
where q is a composition of 9 time blowing-ups at the 9 cusps. Choose a point
zo ∈ P2 \B. By abuse of notation, we denote q−1(zo) by zo as q is identity over zo.
Let qzo : (P̂
2)zo → P2 be a blowing-up at zo and let SB,zo be the induced double
cover of (P̂2)zo :
SB
µ←−−−− SB,zoyfB yfB,zo
P̂2 ←−−−−
qzo
(P̂2)zo .
A pencil of lines through zo induces a fiber space of curve of genus 2 on SB,zo , which
we denote by ϕB,zo : SB,zo → P1. We choose a homogeneous coordinates [T,X,Z]
of P2 such that zo = [0, 1, 0] and B is given by
FB(T,X,Z) = a0X
6 + a1(T, Z)X
5 + . . .+ a6(T, Z) = 0, a0 ∈ C×
where ai (i = 1, . . . , 6) are homogeneous polynomials of degree i. Put fB(t, x) :=
FB(t, x, 1). Under this circumstance, the generic fiber CB,zo := CSB,zo of ϕB,zo is
given by
y2 = fB(t, x).
Since the curve given by fB(t, x) = 0 also defines a divisor B1 on in Σ1, we have
a double cover SB1 of Σ1. branched over B1 as in Section 1.1. Not that SB,zo = SB1
and (qzo ◦ fB,zo)−1(zo) = O+ +O−.
We show that there exists a 3-torsion in Pic0C(t)(CB,zo) described in Theorem 1.
1.3. Divisors representing elements in Pic0K(C) for a hyperelliptic curve
C. Let K be a field with char(K) = 0 and K denotes its algebraic closure. As for
this section, main references are [6, 12, 17]. In particular, we use the notation in
[17, Chapter II].
Let C be a hyperelliptic curve of genus g given by the equation
y2 = f(x) := a0x
2g+2 + a1x
2g+1 + . . .+ a2g+2, ai ∈ K, √a0 ∈ K×.
We denote the hyperelliptic involution of C by σ.
Definition 1.1. For a divisor d =
∑
imiPi, the support of d is the set Supp(D) :=
{Pi | mi 6= 0}.
4Definition 1.2. An effective divisor d =
∑
miPi on C is said to be semi-reduced
if Pi 6= ∞± and σ(Pi) 6∈ Supp(d), unless Pi = σ(Pi) and mi = 1. Moreover, if∑
imi ≤ g, d is said to be a reduced divisor.
Remark 1.1. Note that a (semi-) reduced divisor in Definition 1.2 is different from
a reduced divisor in usual sense, i.e., a divisor without multiple components.
Proposition 1.1. (cf. [6, Propositon 1])Suppose that g is even. For a K-rational
divisor d ∈ Pic0K(C), d has unique representative in Pic0K(C) of the form d0 −
g/2(∞++∞−), where d0 is an effective K-rational divisor of degree g whose affine
part is reduced.
Since a curve of genus 2 is hyperelliptic, we have:
Corollary 1.1. If g = 2, for a K-rational divisor d ∈ Pic0K(C), d has unique
representative in Pic0K(C) of the form d0 − (∞+ +∞−), where d0 is an effective
K-rational divisor of degree 2 whose affine part is reduced, i.e., d0 is of the form
P1 + P2, P +∞±, 2∞+ or 2∞−, where Pi, P are finite points and P2 6= σ(P1).
1.4. An algorithm for a reduction of a divisor. We here recall an algorithm
by which we can compute a reduced divisor from a given semi-reduced divisor of
higher degree after the one given in [6].
Let C be a hyperelliptic curve of genus 2 as above. It is known that an effective
affine semi-reduced divisor d on C is represented as a pair of two polynomials,
which is called the Mumford representation of d. Mumford representations derive
from the construction of the Jacobian variety of a hyperelliptic curve given by
Mumford [13]. Let d =
∑
imiPi be an effective affine semi-reduced divisor. Let
Pi = (xi, yi) and u(x) =
∏
i(x − xi)mi . Then there exists a unique polynomial
v(x) such that deg(v) < deg(u), v(xi) = yi, and u | (v2 − f) (see the first half
of [12, Theorem A.5.1], where this fact is proved when deg(f) is odd. The same
proof, however, works when deg(f) is even). We call the pair (u, v) the Mumford
representation of d. Conversely, let (u, v) be a pair of polynomials such that u is
monic and v satisfies the above conditions. Then there exists a unique effective
affine semi-reduced divisor d such that the Mumford representation of d is equal to
(u, v). We denote the divisor d by div[u, v].
Remark 1.2. The definition of div[u, v] is different from that of div(u, v) in [12].
In [12], deg(f) is assumed to be odd and div(u, v) is defined by div(u, v) = d −
deg(d)∞, where ∞ is the point at infinity. When deg(f) is even, C has two points
at infinity and the behavior of the polar divisor of y − v(x) is complicated as
described later. Thus we defined div[u, v] as an effective affine divisor as in [6].
From now on, we assume that deg(f) = 6. Let d∞ = ∞+ +∞−. For a given
divisor class d ∈ Pic0K(C), by Corollary 1.1, d has a unique representative of the
form d0 − d∞, where d0 is an effective K-rational divisor of degree 2 whose affine
part is reduced. We can compute the divisor d0 by the reduction algorithm, which
is a part of Cantor’s algorithm [3]. Although Cantor [3] assumed that deg(f) is
odd, we can generalize his algorithm to the case deg(f) is even. We follow the
description in [6].
Let x′ = 1/x, y′ = y/x3, and f˜(x′) = (x′)6f(1/x′). Then f˜(x′) is a polynomial
of degree 5 or 6 and we have (y′)2 = f˜(x′). Since deg(f) = 6, we have f˜(0) 6= 0.
We define
a+ = y
′(∞+) =
( y
x3
)
(∞+), a− = y′(∞−) =
( y
x3
)
(∞−).
Then a+ and a− are the square roots of f˜(0), hence we have a+ 6= a−. For a
polynomial p(x), we denote by lt(p) the leading term of p(x). If lt(p) = a+x
3, then
5the function y − p(x) has a pole of order less than 3 at ∞+ and a pole of order 3
at ∞−. The case lt(p) = a−x3 is similar. If lt(p) 6= a+x3, a−x3, then y − p(x) has
poles of order max{3, deg(p)} at ∞+ and ∞−.
In the following, we only need to consider divisors div[u, v] of degree 4 such
that lt(v) 6= a+x3, a−x3. For such divisors, the reduction algorithm is described
as in Algorithm 1, which is a specialization of [6, Algorithm 2]. In general, we
can compute the reduced divisor associated with a semi-reduced divisor by [6,
Algorithms 2 and 3].
Algorithm 1 Reduction
Input: A semi-reduced affine divisor d0 = div[u0, v0] such that deg(d0) = 4 and
lt(v0) 6= a+x3, a−x3.
Output: The reduced affine divisor d1 = div[u1, v1] such that deg(d1) = 2 and
d0 − d1 ∼ d∞.
1: u′1 := (f − v20)/u0.
2: u1 := u
′
1/ lc(u
′
1), where lc(u
′
1) is the leading coefficient of u
′
1.
3: v1 := −v0 mod u1.
4: return div[u1, v1].
The geometric interpretation of the reduction algorithm is also given in [6]. We
explain it for Algorithm 1. Let d0 = div[u0, v0] as in Algorithm 1. Then the zero
divisor dz of the function y − v0(x) satisfies dz = d0 + σ(d1), where σ(d1) is the
divisor obtained by applying the hyperelliptic involution σ to each point appearing
in d1. Since deg(d0) = 4 and lt(v0) 6= a+x3, a−x3, we have deg(dz) = 6, hence
deg(d1) = 2. Therefore we have(
y − v0(x)
u0(x)
)
= σ(d1)− σ(d0) + d∞.
Since d+ σ(d) ∼ deg(d)d∞ for any divisor d, we have d0 − d1 ∼ d∞.
2. Proof of Theorem 1
2.1. An S3-cover of P
2 branched along a 9-cuspidal sextic. Let E be an
smooth cubic in P2. We choose a flex O of E and fix it. Let S3(E) be the 3-
fold symmetric product, which is the set of effective divisors of degree 3. Let
α : E×E×E → Pic0(E) be the Abel-Jacobi map given by (P1, P2, P3) 7→ P1+P2+
P3−3O. Note that, as E is identified with Pic0(E) by P 7→ P−O, α((P1, P2, P3)) =
P1+˙P2+˙P3, where +˙ denotes the addition on E with O as the zero. Let ̟ :
E × E × E → S3(E) be an S3-cover given by the definition of S3(E) and let
α : S3(E)→ Pic0(E) be the induced map. By its definition, we have the following:
(i) A := α−1(0) is an Abelian surface.
(ii) α−1(0) is P2.
(iii) π := ̟|A : A→ P2 is an S3-cover of P2 and α = α ◦ π.
Since α−1(0) is the set of effective divisors of degree 3 cut out by lines, α−1(0)
is considered as the set of lines. Hence, we infer that the branch locus of π is the
dual curve of E, which is a 9-cuspidal sextic.
2.2. Proof. Let π : A → P2 be the S3-cover given in Section 2.1 and we put
∆pi = B. Let β1(π) : D(A/P
2)→ P2 and β2(π) : A→ D(A/P2) be the double and
cyclic triple covers given in [18]. (Note that S3 ∼= D6). β1(π) coincides with the
double cover f ′B : S
′
B → P2 considered in Section 1.2, and β2(π) : A → S′B is a
cyclic triple cover branched over 9 singularities which are of type A2 only. Hence
it induces a cyclic triple cover gB : XB → SB with branch locus
∑9
i=1(Θi,1+Θi,2).
6Hence by relabelling Θi,j (i = 1, . . . , 9, j = 1, 2) suitably, by [21, Lemma 8.7], we
may assume that there exists a divisor Do on SB such that
(∗) 3Do ∼
9∑
i=1
(2Θi,1 +Θi,2).
Choose zo ∈ P2 such that any line through zo passes through at most one cusp of
B. Let ϕB,zo : SB,zo → P1 be the genus 2 fibration as in Section 1.2 and let CB,zo
be its generic fiber.
Lemma 2.1. Put do = Do|CB,zo . Then the class [do] in Pic0C(t)(CB,zo) is a 3-
torsion.
Proof. Choose φ ∈ C(SB,zo) such that
(φ) = 3Do −
9∑
i=1
(2Θi,1 +Θi,2).
This relation implies [3do] is 0 in PicC(t)(CB,zo). We show that do 6∼ 0 in Pic0C(t)(CB,zo).
If do ∼ 0 on CB,zo , then do is linear equivalent to (h), h ∈ C(t)× and we may as-
sume that Do is linear equivalent to a divisor whose irreducible components are all
in fibers of ϕB,zo . Put
Do ∼ aF +
9∑
i=1
(bi,1Θi,1 + bi,2Θi,2), a, bi,j ∈ Z.
Then by (∗) we have
3aF +
9∑
i=1
{(3bi,1 − 2)Θi,1 + (3bv,2 − 1)Θi,2} ∼ 0.
By computing the intersection product with O+, we have
0 = 3aF · O+, i.e., a = 0.
and
9∑
i=1
{(3bi,1 − 2)Θi,1 + (3bv,2 − 1)Θi,2} ∼ 0.
We next compute the intersections with Θi,1, Θi,2 and we have
−2(3bi,1 − 2) + (3bi,2 − 1) = 0
(3bi,1 − 2)− 2(3bi,2 − 1) = 0.
This implies bi,1 = 2/3, bi,2 = 1/3, which is impossible as bi,j ∈ Z. 
By Corollary 1.1, there exist an effective divisor d such that deg d = 2 and
d − d∞ ∼ do. Let D be any divisor such that D|CB,zo = d. Then as do ∼ d − d∞,
we have Do ∼ D −O+ −O− + Fo, Fo is a vertical divisor. Put
Dver + Fo = aF +
9∑
i=1
(bi,1Θi,1 + bi,2Θi,2), a, bi,j ∈ Z
Lemma 2.2. (Supp(Dhor) \ {O±}) ∩ (O+ ∪O−) 6= ∅.
Proof. By Corollary 1.1, then D can be written one of the following forms
Dhor =


C
s+O+
s+O−
2O+
2O−
,
7where C is a horizontal divisor such that (a) C · F = 2 and (b) it does not contain
O± as its irreducible components, and s is a section 6= O±.
The case Dhor = C. By our assumption, C := q ◦ qzo ◦ fB,zo(C) does not contain
zo. Hence C meets a line through zo at 2 points and it implies C is a curve of
degree 2.
By the relation (∗), we have
3(C −O+ −O− + aF +
9∑
i=1
(bi,1Θi,1 + bi,2Θi,2)) ∼
9∑
i=1
(2Θi,1 +Θi,2).
Claim.
[
C ·Θi,1
C ·Θi,2
]
6=
[
0
0
]
.
Proof of Claim. Suppose that
[
C ·Θi,1
C ·Θi,2
]
=
[
0
0
]
. Then the above equivalence
implies [
3(C −O+ −O− + aF +∑9i=1(bi,1Θi,1 + bi,2Θi,2)) ·Θi,1
3(C −O+ −O− + aF +∑9i=1(bi,1Θi,1 + bi,2Θi,2)) ·Θi,2
]
=
[
(
∑9
i=1(2Θi,1 +Θi,2)) ·Θi,1
(
∑9
i=1(2Θi,1 +Θi,2)) ·Θi,2
]
Since F ·Θi,j = O± ·Θi,j = 0, the left hand side is[ −6bi,1 + 3bi,2
3bi,1 − 6bi,2
]
while the right hand side is
[ −3
0
]
. Hence bi,1 = 2/3, bi,2 = 1/3, which contradicts
to bi,j ∈ Z. This shows Claim.
By Claim, we infer that C passes through the 9 cusps of B. Since B is a sextic,
this is impossible.
The case Dhor = s+O
+, s+O−. In this case, s := q ◦ qzo ◦ fB,zo(s) does not
contain zo. Hence s intersects a line through zo at one point and we infer that s is
a line. If
[
s ·Θi,1
s ·Θi,2
]
=
[
0
0
]
, as F ·Θi,j = O± ·Θi,j = 0, a similar argument to the
previous case shows that bi,j 6∈ Z. Hence
[
s ·Θi,1
s ·Θi,2
]
6=
[
0
0
]
. This implies that s
passes through all 9 cusps and s intersects B at 9 points, which is impossible.
The case Dhor = 2O
+, 2O−. As O±Θi,j = 0, a similar argument to previous two
cases shows that bi,j 6∈ Z. Hence this case does not occur.
By Lemmas 2.1 and 2.2, we have Theorem 1.
3. A quasi-torus decompositions of type (2, 3, 6) for a 9 cuspidal sextic
In this section, we consider an explicit description of Do in Section 2.2. To this
purpose, we consider an explicit description of π :→ P2. As an application, we
give a (2, 3, 6) quasi-torus decomposition for B explicitly, Suppose that B as a dual
curve of an elliptic curve E given by an equation
E : v2 = u3 + au+ b, 4a3 + 27b2 6= 0.
Let lt,x be a line given by v = xu+ t. Then (t, x) ∈ B if and only if lt,x is tangent
to E. By equating E and lt,x with respect to v, we have an cubic equation with
respect to u:
p(u) := u3 − x2u2 − (2 tx− a)u− t2 + b = 0
8The discriminant of DE(t, x) with respect to u is given by
DE(t, x) = −4 atx5 + 4 bx6 + a2x4 − 4 t3x3 − 30 at2x2 + 36 btx3
+24 a2tx− 18 abx2 − 27 t4 − 4 a3 + 54 bt2 − 27 b2.
The dual curve B := E∨ is given by FB(T,X,Z) := Z
6DE(T/Z,X/Z) = 0 (see
[5, Ch. 5]). Put
g := −1
3
x4 − 2tx+ a
h := − 2
27
x6 − 1
3
(2 tx− a)x2 − t2 + b.
Then we have
DE(t, x) := −4g3 − 27h2.
Hence we have a (2, 3, 6) quasi-torus decomposition of B:
Z6FB(T,X,Z) =
{
3
√−4
(
−1
3
X4 − 2TXZ2 + aZ4
)}3
+
{√−27(− 2
27
X6 − 1
3
(
2TXZ2 − aZ4)X2 − T 2Z4 + bZ6)}2 .
We show that the (2, 3, 6) quasi-torus decomposition gives rise to a 3-torsion of
Pic0C(t)(CB,zo) considered in Section 2.
By our observation in Section 2.1, we infer that the rational function field C(A)
coincides with the minimal splitting field for the cubic equation p(u) = 0. By taking
the Cardano formula on the cubic equation into account, we infer that
• C(D(A/P2)) = C(t, x,√DE(t, x)), where C(D(A/P2)) is the rational func-
tion field of D(A/P2) and
• C(A) is given by C(D(A/P2))
(
3
√
h+
√
DE(t, x)
)
.
Since (h+
√
DE(t, x))(h−
√
DE(t, x)) = g
3, from above fact, we infer that the
rational function h +
√
DE(t, x) can be considered the rational function φ in our
proof of Lemma 2.1 and it gives a divisor on SB of the form
(h+
√
DE(t, x)) = 3Do −
9∑
i=1
(2Θi,1 +Θi,2), Do 6∼ 0.
Hence, the classDo gives rise to a 3-torsion in Pic
0
C(t)(CB,zo) considered in Section 2.
In the next section, we consider a plane curve which gives rise to Dhor considered
in Section 2.
4. Examples
In this section, we give examples for degree 2 divisors on CB,zo which is a re-
duction of the degree 4 divisor given by the (2, 3, 6) quasi-torus decomposition of a
9-cuspidal sextic B considered in the previous section.
Example 4.1. We consider the case (a, b) = (1, 1). Then we have
g(t, x) = −1
3
x4 − 2tx+ 1, h(t, x) = − 2
27
x6 − 2
3
tx3 +
1
3
x2 − t2 + 1,
f(t, x) = 4g(t, x)3 + 27h(t, x)2
= −4x6 + 4tx5 − x4 + (4t3 − 36t)x3 + (30t2 + 18)x2 − 24tx+ 27t4 − 54t2 + 31.
Then f(t, x) satisfies the condition described in Section 1.1. Let ϕB,zo : SB,zo → P1
be the genus 2 fibration as in Section 1.2 such that the generic fiber CB,zo is given
by y2 = f(t, x).
9Since (y +
√
27h)(y −√27h) = 4g3, there exists a divisor do such that
(y −
√
27h) = 3do.
Let (u0, v0) be the Mumford representation of the affine part of do. Then we have
u0 = −3g, v0 =
√
27h mod u0 = − 2√
3
tx3 +
1√
3
x2 − 3
√
3 t2 + 3
√
3.
Applying Algorithm 1, we have do ∼ d1 − d∞, where
d1 = div[u1, v1], u1 =
(t2 + 3)x2 − 4tx+ 1
t2 + 3
,
v1 =
(26
√
3 t3 − 18√3 t)x+ 9√3 t6 + 45√3 t4 + 20√3 t2 − 78√3
3t4 + 18t2 + 27
.
Let D be a divisor on SB,zo with D|CS = d1. Then Dhor ∩ (O+ ∪ O−) 6= ∅ since
Dhor and O
+ ∪O− intersect on the fibers at t = ±√−3.
Note that the cusps of B are [1, 0, 0] and [Ti, Xi, 1], i = 1, 2, . . . , 8, where
T1, T2, . . . , T8 are the roots of 27T
8 + 216T 6 + 756T 4 − 324T 2 − 676, which has
no multiple roots. Any line through zo = [0, 1, 0] has a equation of the form
αT + βZ = 0. Therefore any line through zo passes through at most one cusp of B
as in Section 2.2.
Example 4.2. We consider the case (a, b) = (0, 1). Then we have
g(t, x) = −1
3
x4 − 2tx, h(t, x) = − 2
27
x6 − 2
3
tx3 − t2 + 1,
f(t, x) = 4g(t, x)3 + 27h(t, x)2 = −4x6 + 4t3x3 − 36tx3 + 27t4 − 54t2 + 27.
Then f(t, x) satisfies the condition described in Section 1.1. Let ϕB,zo : SB,zo → P1
be the genus 2 fibration as in Section 1.2 such that the generic fiber CB,zo is given
by y2 = f(t, x).
Since (y +
√
27h)(y −√27h) = 4g3, there exists a divisor do such that
(y −
√
27h) = 3do.
Let (u0, v0) be the Mumford representation of the affine part of do.
Then we have
u0 = −3g, v0 =
√
27h mod u0 = − 2√
3
tx3 − 3
√
3 t2 + 3
√
3.
Applying Algorithm 1, we have do ∼ d1 − d∞, where
d1 = div[u1, v1], u1 = x
2, v1 = 3
√
3(t2 − 1).
In other words, we have
d1 = 2(0, 3
√
3(t2 − 1))− d∞.
Let D be a divisor on SB,zo with D|CS = d1. Then we have Dhor ∩ (O+ ∪O−) = ∅.
Therefore the genus 2 fibration ϕB,zo does not satisfy Theorem 1.
In fact, the cusps of B are [1, 0,−1], [1, 0, 0], [1, 0, 1], and 3 points on each of the
lines T ± √3Z = 0. Since the lines T ± √3Z = 0 pass through zo = [0, 1, 0], the
point zo does not satisfy the condition that any line through z0 passes through at
most one cusp of B assumed in Section 2.2.
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